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ABSTRACT
Molecular clouds are to a great extent influenced by turbulent motions in the gas.
Numerical and observational studies indicate that the star formation rate and effi-
ciency crucially depend on the mixture of solenoidal and compressive modes in the
turbulent acceleration field, which can be quantified by the turbulent driving param-
eter b. For purely solenoidal (divergence–free) driving previous studies showed that
b = 1/3 and for entirely compressive (curl–free) driving b = 1. In this study, we deter-
mine the evolution of the turbulent driving parameter b in magnetohydrodynamical
simulations of molecular cloud formation and evolution. The clouds form due to the
convergence of two flows of warm neutral gas. We explore different scenarios by vary-
ing the magnitude of the initial turbulent perturbations in the flows. We show that
the driving mode of the turbulence within the cloud strongly fluctuates with time and
exhibits no clear correlation with typical cloud properties, such as the cloud mass and
the (Alfve´n) Mach number. We specifically find that b strongly varies from b ∼ 0.3
to b ∼ 0.8 on timescales t . 5 Myr, where the timescale and range of variation can
change from cloud to cloud. This rapid change of b from solenoidal to compressive
driving is primarily associated with global contraction of the cloud and subsequent
onset of star formation. We conclude that the effective turbulence driving parameter
should be treated as a free parameter that can vary from solenoidal to compressive in
both time and space.
Key words:
1 INTRODUCTION
Turbulence plays a key role in astrophysics and is of ut-
most importance for understanding the formation of stars
in galaxies (Elmegreen & Scalo 2004; Padoan et al. 2014).
Its role is two–fold. Turbulent fluctuations may disperse the
gas due to the random nature of the (turbulent) velocity
field. In this sense, turbulence provides a form of support
against gravity. On the other hand, observations and numeri-
cal simulations have shown that interstellar turbulence is su-
personic (e.g. Mac Low & Klessen 2004; McKee & Ostriker
2007; Federrath et al. 2008; Schmidt et al. 2013). Hence,
turbulent energy can be dissipated in shocks and the re-
sulting compression might form stable overdensities, which
eventually undergo gravitational collapse. Furthermore, the
supersonic interstellar turbulence must be driven by some
external stirring mechanism, as otherwise, it would decay
within a crossing–time (Mac Low et al. 1998; Stone et al.
? bkoertgen@hs.uni-hamburg.de
1998; Ostriker et al. 1999; Mac Low & Klessen 2004).
Possible driving agents of turbulence are gravity, galactic ac-
cretion and shear, the magneto–rotational instability, cloud–
cloud collisions and colliding flows, as well as stellar feed-
back (Mac Low & Klessen 2004; Scalo & Elmegreen 2004;
Federrath et al. 2010; Federrath & Klessen 2012; Federrath
et al. 2016, 2017). The major difference between those driv-
ing mechanisms is the way how they drive the turbulence
– either solenoidal (divergence–free) or compressive (curl–
free). The driving mechanism thus determines the nature
of the velocity field in the gas and hence either promotes
or hinders the gas from forming large overdensities. How-
ever, due to the non–linear nature inherent to turbulence
both compressive and solenoidal motions will be excited with
time. Furthermore, the compressive modes decay faster and
hence, on a certain spatial scale, there will be dominant
solenoidal modes even if the driving is almost entirely com-
pressive (Federrath et al. 2009, 2010; Federrath & Klessen
2013).
The density probability distribution function (PDF) of
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isothermal, turbulent gas was found to be approximately
log–normal (Passot & Va´zquez-Semadeni 1998; Vazquez-
Semadeni & Passot 2000). The width of the PDF is de-
termined by the turbulent Mach number, the plasma–β and
the driving parameter, b. Turbulence stirring can be quan-
tified by the latter parameter, which smoothly varies be-
tween 1/3 and 1, where these two extreme cases refer to
purely solenoidal and entirely compressive driving (Feder-
rath et al. 2010; Herron et al. 2017). As was shown by Fed-
errath et al. (2008), the flow dynamics and the density struc-
ture strongly depend on whether turbulence is driven in a
solenoidal or compressive way. Purely compressive driving
results in a broader density PDF and thus in a larger frac-
tion of gas at high densities. In contrast, solenoidal driving
with b = 1/3 shows smaller widths of the resulting PDF,
because primarily divergence–free/rotational modes are ex-
cited which prevent the build–up of large overdensities. As
was shown by Federrath & Klessen (2012), compressive driv-
ing thus results in a star formation rate approximately an
order of magnitude larger than for solenoidal driving. In
addition, the authors showed that the resulting star forma-
tion efficiency in turbulent molecular clouds can be directly
linked to the slope of the PDF at high densities (Federrath
& Klessen 2013).
The star formation rate and efficiency in molecular clouds
strongly depend on properties, which are largely governed
by turbulence, i.e. the turbulent Mach numberM, the virial
parameter αvir, the turbulent driving parameter b and the
density variance σ2%/%0 . For example, in certain models the
star formation rate per free–fall time, that is, the amount of
stars formed within a cloud’s free–fall time, takes the general
(multi–free–fall) form (Federrath & Klessen 2012)
SFRff =

2φt
exp
(
3
8
σ2s
)[
1 + erf
(
σ2s − scrit√
2σ2s
)]
. (1)
Here, s = ln (%/%0) is the logarithmic density contrast, 
parameterises the fraction of material re–injected via stel-
lar feedback (see e.g. Federrath et al. 2014) and 1/φt is
the uncertainty in the multi–free–fall ansatz, but gener-
ally 1/φt ∼ 1. The density variance is a function of the
Mach number, the plasma–β and the driving parameter,
whereas the critical density, scrit, depends in addition on
the virial ratio αvir. The exact form of scrit depends on the
model and the assumptions used (Krumholz & McKee 2005;
Padoan et al. 2011; Hennebelle & Chabrier 2011; Federrath
& Klessen 2012). Due to the dependence of scrit and σs on
the above mentioned parameters, slight variations in these
will have a large impact on the resulting SFR of the clouds
(see e.g., the importance of the turbulence driving parameter
for the Central Molecular Zone cloud G0.253+0.016 Feder-
rath et al. 2016).
Observationally, the type of turbulence driving in molecular
clouds is hard to disentangle because of the need for high
spatial and spectral resolution in order to measure meaning-
ful density PDFs and line data. A major issue in comparing
to observations is also that one can only measure the col-
umn density PDF, while the theoretical models are based
on the volume density PDF. However, recent work based
on statistical arguments have derived methods to overcome
this problem (Brunt et al. 2010b,a; Brunt & Federrath 2014;
Kainulainen et al. 2014).Recent studies on the driving of tur-
bulence in nearby clouds revealed that it is rather compres-
sive with b & 0.4 (Padoan et al. 1997; Brunt 2010; Ginsburg
et al. 2013). In contrast, Kainulainen et al. (2013) argue
that numerical simulations with a magnetic field of the or-
der of B ∼ 3µG and rather solenoidal driving, b . 0.4, fit
best observations of solar–neighbourhood clouds presented
in Kainulainen & Tan (2013). More recently, Federrath et al.
(2016) derived b = 0.22±0.12 for the central molecular zone
cloud G0.253+0.016, indicating pre–dominantly solenoidal
driving in the Galactic center environment.
In this study we focus on the evolution of the turbulent driv-
ing parameter in simulations of molecular cloud formation
and evolution. After the flows have deceased, the turbulence
within the clouds is solely driven by gravity and we will show
that b is subject to large temporal variations.
In section 2 we briefly introduce the numerical model and
explain the method of deriving b. In section 3 we discuss our
findings. This study is closed by a discussion of limitations
in section 4 and a summary in section 5.
2 METHODOLOGY
2.1 Numerical Simulations
The numerical details of the simulations presented in this
study have already been discussed in detail in Ko¨rtgen et al.
(2016, henceforth K16).
The simulations are performed using the FLASH code1
(v2.5). Two flows of warm neutral medium (WNM) gas col-
lide head–on in the center of the simulation box. Each flow
contains approximately 50,000 M and is supersonic with re-
spect to the WNM with isothermal Mach number Mflow =
2. Additionally, the flows are turbulent with RMS Mach
numbers ranging fromMRMS,flow = 0.8 toMRMS,flow = 1.2.
The flows are initially magnetically critical with µ/µcrit ∼
1 (B0 = 3µG). We use 11 levels of refinement, giving a maxi-
mum spatial resolution of ∆x = 0.03 pc. Sink particles are
included in order to replace collapsing, star–forming regions,
which otherwise would result in under–resolving the local
Jeans length of the densest parts of the cloud (e.g. Truelove
et al. 1997; Federrath et al. 2010). The simulations are sum-
marised in Table 1.
2.2 Measuring the turbulent driving parameter b
To derive the driving parameter b, we use the density PDF.
The dispersion, σ%/%0 , of the PDF depends on the driving
parameter, the turbulent Mach number, M = σv/cs, and
the ratio of thermal to magnetic pressure β = 2c2s/v
2
a via
(Federrath et al. 2008; Padoan & Nordlund 2011; Molina
et al. 2012; Nolan et al. 2015; Federrath & Banerjee 2015)
σ%/%0 = bM
1√
1 + β−1
. (2)
We note that the density PDF does not necessarily have to
be log–normal for Eq. (2) to be applicable and one is only
faced with solving for b. The appearing values for β and M
are volume–weighted averages. Eq. (2) is evaluated only for
the gas with n = 102−104 cm−3. We take the lower limit as
the threshold density to assume the gas to be molecular and
1 http://flash.uchicago.edu
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Figure 1. Radial profile of the contraction velocity at different
times for run MHD–M1.0. Positive velocities indicate expansion
at this radius, negative velocities contraction towards the gravi-
tational potential well. As can be seen, at early times there is a
mixture of expansion and contraction. At later times, the majority
of the cloud is in a state of collapse and a gradient in the velocity
profile is established, although this gradient is rather shallow.
Table 1. Overview of the simulations presented in this study.
Run Min. ∆x MRMS,flow Sim. End
(pc) (Myr)
MHD–M0.8 0.03 0.8 28
MHD–M1.0 0.03 1.0 30
MHD–M1.2 0.03 1.2 33
part of the cloud (see also K16). The upper limit is chosen
such that regions in the immediate vicinity of sink particles
are excluded as the velocity field in these is dominated by
ordered accretion flow onto the particles rather than turbu-
lence. The fluctuations in this high–density regime do not
significantly alter the average turbulent Mach number. How-
ever, the density in these regions still increases thereby bi-
asing the variance of the density–PDF, which leads to an
artificially increasing ratio of σ%/%0/M.
At late times, the clouds undergo global contraction, pref-
erentially in the radial direction (Va´zquez-Semadeni et al.
2007). To extract turbulent motions, we calculate radial ve-
locity profiles as well as velocity profiles along the flow direc-
tion and subtract the average contraction velocities at each
radius and ’height’ (see Fig. 1). The Mach number, which en-
ters Eq. (2), thus contains only the turbulent fluctuations.
We further calculate and remove radial density gradients,
which otherwise bias the derivation of the density disper-
sion due to a global collapse–profile (see Federrath et al.
2011; Padoan et al. 2016; Pan et al. 2016).
The error ∆b of the driving parameter is calculated accord-
ing to error propagation, where we assume variation in the
sound and Alfve´n speed, respectively.
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Figure 2. Resolution study showing the convergence of the sim-
ulations with increasing numerical resolution. Depicted is the av-
erage b as a function of time. The horizontal lines denote the
time–averaged b with the respective value as well as the standard
deviation given in the plot legend. For reasons of comparability
the averaging is performed for times t ∈ [5, 20] Myr. Although all
simulations show periods of strong variation, the average is con-
verged. To achieve convergence, we recommend a grid resolution
of ∆x . 0.1 pc.
2.3 Resolution study
The decay rate of the turbulent energy and the general
properties of turbulence in numerical simulations depend on
the resolution adopted with lower resolution showing e.g.
a larger (artificial) decay (Mac Low et al. 1998; Federrath
et al. 2009). In order to ensure convergence of our results,
we solve Eq. (2) for b for different numerical resolutions.
Fig. 2 shows the average driving parameter as a function
of time for the cloud formed in run MHD–M0.8. The dif-
ferent colours depict different numerical resolutions, namely
∆x = 0.1 pc (black squares), ∆x = 0.03 pc (red dots) and
∆x = 0.007 pc (blue open triangles), respectively. The lines
denote the time–averaged value of b, which is given in the
figure legend including its standard deviation. The tempo-
ral evolution shows strong variation of b with time. However,
the average value is converged at resolutions ∆x . 0.1 pc.
3 RESULTS
3.1 The density probability distribution function
of the clouds
The complex interplay of gravity, MHD turbulence and
thermodynamics shapes the resulting density PDF. Fig. 3
shows the density distribution in run MHD–M0.8 at different
times. The total PDF consists of two peaks, which depict the
contributions from the WNM and the cold neutral medium
(CNM). Both contributions are close to log–normal. At high
gas densities, self–gravity produces a power–law tail as gas
is gradually collapsing, which is also seen in column den-
sity PDFs of nearby star forming clouds (Kainulainen et al.
2009; Schneider et al. 2013, 2015, 2016). With time the PDF
c© 2016 RAS, MNRAS 000, 1–??
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Figure 3. Number density PDF at three stages in run MHD–
M0.8 covering a time span of ∆t = 10 Myr. The PDF is clearly
divided into three parts. 1) A narrow log–normal part at log (n) ∈
[−1, 0], 2) a broader log–normal distribution at around n ∼ 10−
103 cm−3 and 3) a power–law tail at high densities. The power–
law tail is an indication of collapsing gas. Note the flattening of
the slope with time.
power–law tail begins to flatten due to the increased amount
of gas in the gravitationally unstable regime (Federrath &
Klessen 2013). The formed molecular clouds are defined to
consist of gas with n > 100 cm−3. Hence, the clouds them-
selves are described by a dominant power–law tail and some
portion of the log–normal part of the CNM gas distribution.
3.2 Evolution of the turbulent driving parameter
3.2.1 Dependence on cloud properties
Fig. 4 shows b as a function of various cloud properties for
the different simulations. Grey symbols indicate MA < 2,
where MA = σv/vA is the turbulent Alfve´n Mach num-
ber. As stated in Molina et al. (2012), MA < 2 indicates a
significant contribution from the magnetic field, which im-
poses anisotropy to the fluid flow. The derivation of Eq.
2, however, assumes the turbulence to be fully isotropic and
hence the applicability of Eq. 2 is questionable in this regime
of Alfve´n Mach numbers and is thus omitted (this data is
shown in light grey).
We find that b takes a variety of values as function of cloud
mass (left), ranging from purely solenoidal to purely com-
pressive driving. The scatter in b is larger at lower cloud
masses, which depict the initial stages of the clouds formed
in between the flows where the latter are affected by the ini-
tial turbulent fluctuations. At higher masses there appears
to be a trend of increasing b with increasing cloud mass. At
these stages, which correspond to times t > 20 Myr, the ini-
tial turbulent fluctuations have decayed and the externally
compressing flows have vanished. The dynamical evolution
of the clouds is then entirely controlled by gravity, turbu-
lence and magnetic fields. Once, the clouds are magnetically
super–critical and sub–virial, gravitational contraction leads
to a highly compressive velocity field which promotes the
formation of gravitationally unstable overdensities.
Turbulence is not externally driven in the simulations pre-
sented here. The resulting range of Mach numbers is thus
relatively narrow and we do not find any trend of b as func-
tion of Mach number. At small Mach numbers there appears
a large scatter in b, again referring to early times where the
converging flows stir up the dense gas. At slightly higher
Mach numbers, b stays almost constant. From Eq. 2 there
should occur a decrease in b with increasing Mach number,
which is not observed here. As σ%/%0 is not kept constant, it
is evident that the density dispersion significantly increases
as the Mach number increases (which is expected), thereby
keeping the ratio σ%/%0/M approximately constant.
In the right plot of Fig. 4 we show b as a function of the
Alfve´n Mach number. Again, b shows a large scatter and
no clear correlation with the cloud’s Alfve´n Mach number,
which might be attributed to the small range of Mach num-
bers probed. However, the scatter is larger for clouds with
an initially higher turbulent Mach number within the flows.
To summarise, b appears to be nearly independent of the
cloud properties discussed in this section. Only for the cloud
mass a trend can be recognised, but we caution that the
probed mass range is rather narrow. Besides these findings
it is seen that b is on average larger, i.e. pointing towards
more compressive turbulence, for lower initial Mach num-
bers within the converging WNM flows. Whether this trend
holds for different Mach numbers and larger cloud masses
needs to be investigated in the future.
3.2.2 Time evolution
In the previous section we showed that there only exists a
weak correlation of b with different properties of the molecu-
lar cloud and that it strongly varies. In this section we focus
on the temporal evolution of the driving parameter. The re-
sults are shown in Fig. 5. Grey symbols again indicate data
whereMA < 2. The grey vertical line indicates the dynam-
ical time of the WNM flows. The black, blue, and red lines,
respectively, depict the times when the first sink particle has
formed in the individual clouds.
At early stages, t < 10 Myr, b increases primarily due to the
compression by the WNM streams. Since the magnitude of
the fluctuations in the streams is much weaker than the bulk
velocity, the energy in the compressive modes is larger than
in the solenoidal modes. However, we note that this is biased
by the choice of our initial conditions. Once the clouds start
expanding due to the lack of external pressure by the WNM
flows, b decreases again as now the re–expanding gas inter-
acts non–linearly with the gas in the diffuse halo surrounding
the cloud, which is about to be accreted. By increasing the
magnitude of the turbulent fluctuations within the flow, the
average b is decreased due to less efficient compression at
the cloud outskirts. However, also in the clouds with higher
turbulent Mach numbers, b is still more likely to be com-
pressive, i.e. b ∼ 0.4− 0.52.
From t ∼ 15 Myr on the turbulence becomes super–alfve´nic
2 We caution that these data are biased by MA < 2 where our
analysis is not applicable as stated by Molina et al. (2012).
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Figure 4. The driving parameter b as a function of various cloud properties. The grey shaded data points have MA < 2. Left: b as a
function of cloud mass. At small cloud masses there appears to be no correlation between b and the mass. By contrast, with increasing
cloud mass, the turbulence becomes more compressive (i.e. b→ 1). Middle: b as a function of the turbulent Mach number of the cloud.
In the range of Mach numbers probed b is independent of the Mach number. Right: b as a function of the cloud’s turbulent Alfve´n Mach
number. b shows a great spread as function of MA, but again, obvious correlations do not emerge.
with MA > 2. The trend of decreasing b with time is con-
tinued for runs MHD–M1.0 and MHD–M1.2, where the tur-
bulence has now become almost solenoidal. In contrast, the
cloud in run MHD–M0.8 shows b ∼ 0.6, indicating rather
compressive driving. Note that at this time a sink parti-
cle has already formed in the latter run, which is indicative
of highly gravitationally unstable regions in this cloud. At
t ∼ 20 Myr, b increases also for the higher turbulent clouds
due to the onset of gravitational collapse, which results in
sink particle formation. However, the clouds still undergo
fragmentation after the formation of sink particles, which
explains the fluctuations in b with time. At t ∼ 30 Myr, b
is almost identical in all clouds, which are now forming sink
particles. The variation in b, as given by the error bars, indi-
cates that, though the clouds show on average a compressive
turbulent velocity field, there are regions inside the clouds,
which exhibit almost entirely solenoidal driving, typical for
a globally contracting and locally fragmenting cloud.
4 LIMITATIONS
Our analysis is limited due to assumptions made or due to
conditions which arose during the simulations.
First, the calculated turbulent Mach numbers range only up
to around MRMS ∼ 4. Although the simulated Mach num-
bers are rather low, they do still fit with observations of e.g.
Orion B and other molecular clouds (Schneider et al. 2013).
We are thus only able to trace some part of the evolution of
b as function of the Mach number. Simulations that probe a
wider range of Mach numbers and cloud masses need to be
investigated in the future.
Second, the σ%/%0−b relation is sensitive to the scaling of the
magnetic field with density, as was pointed out by Molina
et al. (2012). In our study, we ignored possible variations and
focussed on a scaling similar to what has been derived from
numerical simulations of colliding flows, namely B ∝ %1/2
(e.g. Ko¨rtgen & Banerjee 2015). A slope taken from obser-
vations (e.g. B ∝ %2/3, Crutcher et al. 2010; Crutcher 2012)
should not significantly impact our analysis. This is also be-
cause the magnetic field – density relation has a large spread
in (simulated) molecular clouds (Banerjee et al. 2009; Molina
et al. 2012; Ko¨rtgen & Banerjee 2015).
Third, we do not fit a Gaussian to the obtained density PDF
and might under–estimate the width of the PDF.
Here we restricted our analysis to simulations without feed-
back and focussed on the global cloud properties and their
relation to the driving of turbulence. Although our result-
ing b agrees on average well with observational constraints
for non–star forming clouds by Ginsburg et al. (2013), stel-
lar feedback through jets/outflows, winds and/or supernovae
should influence the evolution of b. However, we are still able
to probe the evolution of b in the absence of feedback, which
enables us to study the effect of pure dynamics. To what ex-
tent the feedback will influence b, however, is currently not
clear and will be investigated in a subsequent study based
on simulations by Ko¨rtgen et al. (2016).
5 SUMMARY
We have presented a set of high–resolution simulations of
the formation and evolution of molecular clouds formed by
colliding streams of warm neutral gas. The focus of this
study was the analysis of the turbulent driving parameter
b. For this purpose we analysed the relation between the
volume–density dispersion and the type of driving in star–
forming molecular clouds without any form of stellar feed-
back. We find that b can vary between solenoidal and com-
pressive driving from cloud to cloud and can rapidly change
on timescales of only a few Myr even within a single cloud.
The most prominent change is primarily associated with the
onset of sink particle formation and global contraction of the
cloud. Prior to sink formation we find b ∼ 0.3−0.5, whereas
b ∼ 0.8 at late times. Although it appears that 〈b〉 ∼ 0.5
over the course of the cloud evolution, which would indicate
rather compressive forcing, we lastly conclude that there is
no fixed mode of turbulent driving.
c© 2016 RAS, MNRAS 000, 1–??
6 B. Ko¨rtgen
 0.1
 1
 0  5  10  15  20  25  30  35
b
Time [Myr]
MHD-M0.8
MHD-M1.0
MHD-M1.2
Solenoidal
Mixed
Compressive
Figure 5. Time evolution of the turbulent driving parameter for
different initial conditions. Grey shaded data have MA < 2. The
dark grey vertical line at t = 9.6 Myr gives the dynamical time of
the converging WNM flows. The black, blue, and red vertical lines,
respectively, denote the time at which the first sink particle has
formed in the individual clouds. For trans– to supersonic initial
fluctuations in the flows the driving parameter is b . 0.4 for t .
20 Myr, whereas it is rather compressive for subsonic fluctuations.
When sink particles are formed, all clouds show more compressive
turbulence driving. However, b still varies by some amount before
it starts to approach a constant value of b ∼ 0.8 from t ∼ 27 Myr
on. This indicates that, in case of the cloud in run MHD–M1.2,
gravitational contraction is accompanied by fragmentation of the
collapsing gas. Note that the uncertainty in b encloses the whole
range of allowed values. Solenoidal, mixed, as well as compressive
driving are indicated by the horizontal black lines.
(For a colour version see online manuscript.)
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